TRIAL HIGHER SCHOOL CERTIFICATE
EXAMINATION 2004

MATHEMATICS
EXTENSION 2

Time Allowed — 3 Hours
(Plus 5 minutes Reading Time)

All quéstions may be attempted
All questions are of equal value
Department of Education approved calculators are permitted
In every question, show all necessary working

Marks may not be awarded for careless or badly arranged work

No grid paper is to be used unless provided with the examination paper



QUESTION 1

’ga} ’ The complex number z is given by z=-1+1i+3.
{i) Show that z?’=2z

(iij  Evaluate |z| and Arg z.

({i) Show that z is a root of the equation z* —8=0.

(b) (i) Find _[xsecz(xz)dx.
x4
(ii)) Find J.z—dx
x°+1

sin®x

dx.

3
(iii) Evaluate j -
J cosx

QUESTION 2 ( Start a new page )

(a) (i)  Sketch the graph of y = ZH—i clearly showing
x+

all points of intersection with the x-axis and
y-axis, and the equations of all the asymptotes.

(i)  On separate axes, sketch the graphs of:

() y:(x+3)2

x+4

(s) y2=(“3)

x+4

Part (b) on the next page.

Marks



(b) A railway track has been constructed around a circular
curve of radius 500 metres. The distance across the track
between the rails is 1.5 metres and the outer rail is 0.1 metres
above the inner rail. A train of mass m travels on the track
at a speed of v = v metres/second and no lateral forces.

(i)  Draw a diagram showing all the forces on the train.

(i)  Show that v? = 500g tan 0, where 0 is the angle
the track makes with the horizontal.

The train now travels on the track at a speed
of v metres/second, where v> v,.

(iii) Draw a diagram showing all the forces on the train.

(iv)  Show that the lateral force, F, exerted by the rail

sz

on the wheel is given by F=
500

cosf —mgsing .

(v)  Deduce that F' is one fifth of the weight of the
train when v=2v_.

QUESTION 3 ( Start a new page )

(8 (i) If a isadoublerootofa polynomial P(x), show
that « is a zero of P/(x).

(i) Find integers m and »n suchthat (x+1)% isa
factor of x°+2x’+mx+n.

(b)  Sketch the region on an Argand diagram whose
points z satisfy both inequalities |z-z| <4

T T
and—; <argz< —.

(c)  The equation of motion of a particle moving x metres
along a straight line after # seconds is given by
x=2v - tan'v. Initially its velocity is 1 metre/second.
Find the exact time when its velocity is 7 metres/second.



QUESTION 4 ( Start a new page )

(a) Beach volleyball is played with two teams where each
team has two players.

(i)  Inhow many ways can four players be grouped
in pairs to play a game of beach volleyball.

(ii)  The eight members of a beach volleyball club
meet to play two games at the same time on two
separate courts. In how many different ways can
the club members be selected to play these two games.

(b) (i)  Use the substitution x =¢—y, where ¢ is a constant,
t ¢
to show that j F(x)dx = j f(t—x)dx.

2004

(ii) Hence, or otherwise, evaluate fx(l x) dx .

(¢) Inthe diagram below, AX and OB are perpendicular to AB
and OY bisects L XOA. If XY =a, YA =b, AB=d
and OB = h, show that
M -2
o4 b
(i) (a-b)d*=(a+b)b*-2b*h—(a—b)h>.

X

bl




QUESTION S5 ( Start a new page )

(2)

(b)

A tank contains /00 Litres of brine ( salt water ) whose
concentration is 3 grams/Litre. Three Litres of brine
whose concentration is 2 grams/Litre flow into the tank
each minute, and at the same time 3 Litres of mixture
flows out each minute. If Q is the quantity of salt in the
mixture after a time ¢ minutes,

(i)  show that the rate of increase of the quantity

of salt, L , for > 0 is given by @:(6 —EJ
dt dt - 100

grams/minute.

(i)  Show that the quantity of salt in the tank is always

between 200 grams and 300 grams.

A cricketer is capable of catching a ball with equal ease
at any height from level ground between y, and y,
where y, >y, as shown in the diagram below. For a hit

which gives a ball arange R and greatest height %, show
that he should estimate his position on the field in the plane

within an interval of length § [( 1—-—%—)—( 1—%)} .

2
( You may assume the equation y = x tana - —2‘%7 sec’ a )

—

17

X1

NP

.



QUESTION 6 ( Starta new page )

(a)

(b)

(c)

5
16 +9cos? x

Find I

The complex number z is a function of the real number ¢,

given that z= ;;’ for 0 <t<1. Evaluate |7| and hence
+1

describe the locus of z in an Argand diagram.

Find the equation of the tangent to the curve
xy (x +y) + 16 = 0 at point on the curve where the
gradient of the tangent is -1.

QUESTION 7 ( Starta new page )

(a)

(b)

(©)

(i)  Show that tan (A +%) =-cot4.

(i)  Use mathematical induction to prove that

tan[(zn +1)%:' =(-1)" for n apositive integer.

A polynomial P(x) is divided by x?- a? where a # 0, and
the remainder is px + q.

()  Showthat p = 2i [P(a) - P(-a)]
a
and g = % [P(a) + P(-a)].

(i)  Find the remainder when P(x) =x"-a",
for n apositive integer, is divided by x2- a2

A particle moving with a speed of v metres/second
experiences air resistance of Av? per unit mass, where

k is a constant. Falling from rest in a vertical line through
a distance d, prove that it will acquire a speed

of v=VJi-e metres/second, where V= \/%—

and g the constant acceleration due to gravity.



QUESTION 8 (Start a new page )

(2)

(b)

In the diagram below, 4B is a common tangent and
XY is a common chord. Extend BX to meet AY at O
and extend AX to meet BY at P.

(i)

(iii)

(iv)

®

(i)

Copy the diagram onto your answer sheet 1
showing all the information given.

Prove that PXQY is a cyclic quadrilateral. 3
Prove that 4B is parallel to PQ. 2
Prove that XY bisects PQ. 3

If k is an integer where k> 3 ] (k—1)(k+1)<k*, 1

1 1
how that —————u > —,
showHia (k-1k(k+1)  &°

: | 1 o
Giventhat § = — 4+ — + — +.......t —=> ", 5
B T S n’ ‘34: K
use partial fractions in part (i) or otherwise to prove

that S, < - |
12

END of PAPER
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